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Abstract —A full-wave analysis of shielded coplanar waveguide

two-port discontinuities based on the solution of an appropriate
surface integral equation in the space domain is presented.

Using this method, frequency-dependent scattering parameters
for open-end and short-end CPW stubs are computed. The

numerically derived results are compared with measurements

performed in the frequency range 5-25 GHz and show very good

agreement. Equivalent circuit models and closed-form expres-
sions to compute the circuit element values for these discontinu-

ities are also presented.

I. INTRODUCTION

R ECENTLY, coplanar waveguide (CPW) technology

has attracted a great deal of interest for RF circuit

design owing to several advantages over the conventional

microstrip line, among them the capability to wafer probe

at millimeter-wave frequencies [1]–[6]. Thus, several in-

vestigators have undertaken the study of the propagation

characteristics of uniform CPW, and extensive data are

available in the literature [7]. However, very few models

are available on CPW discontinuities, which are useful in

the design of circuits such as filters [8]-[12].

Filters are important blocks in microwave circuits and

are among the first few circuit elements studied in any

new technology. Microstrip or stripline filters have been

extensively studied and very accurate design techniques

have been presented in the literature [13]. However, CPW

filter elements [1], [14] have been investigated only experi-

mentally and lack accurate equivalent circuits. Two such

filter elements are the short-end and open-end series

stubs, which are shown in Fig. l(a) and (b) respectively. In

this figure PP’ refers to the reference planes, which are

coincident with the input and output ports of the disconti-

nuity. The short-end CPW stub was modeled by Houdart

[1] as a series inductor. This model cannot predict the

Manuscript received August 30, 199Q revised January 22, 1991. This
work was supported by the National Science Foundation under Contract
ECS-8657951.

N. I. Dib and L. P. B. Katehi are with the Department of Electrical
Engineering and Computer Science, University of Michigan, Ann Arbor,
MI 48109-2122.

G. E. Ponchak and R. N. Simons are with the NASA Lewis Research
Center, Cleveland, OH 44135.

IEEE Log Number 9143466.

resonant nature of the stub as it approaches Ag /4 or the

asymmetry of the discontinuity; therefore, it is valid oIIly

in the limit as the stub length approaches zero. The

model used by Ponchak and Simons [15], an ideal short-

end series stub, predicts the resonant nature of the stub

but not the asymmetry. The open-end CPW stub was

modeled by Houdart [1] as a series capacitor, which is

also too simple to predict the resonant nature of the stub

or its asymmetry and is valid only for stubs with very small

lengths, Williams [14] expanded this model to a capacitive

II network and selected a reference plane which removed

the element asymmetry. This improved model is difficult

to incorporate into CAD programs since the referen~ce

planes are not at the plane of the discontinuity, as shown

in Fig. 1. The model by Ponchak and Simons [15], an ideal

open-end series stub, again cannot predict the element

asymmetry.

This paper attempts, for the first time, to study theoret-

ically and experimentally the two CPW filter elements

shown in Fig. 1. The theoretical method used to study

these CPW discontinuities is based on a space-domain

integral equation (SDIE), which is solved using the method

of moments [16]. The main difference between this ap-

proach and the one used in [3] and [10] -[12] is that the

boundary conditions are applied in the space domain

instead of the spectral domain. Thus, in the SDIE method

the Fourier transforms of the basis functions, which are

used in the method of moments, are not required, which

makes it simpler to handle complicated geometries. The

SDIE approach has previously been applied to study

several CPW discontinuities and has shown very good

accuracy, efficiency, and versatility in terms of the geome-

tries it can solve [171, [181. Using this method, theoretical

results for the scattering parameters of the two CI]’W

discontinuities shown in Fig. 1 are computed. Extensive

experiments have been performed in the frequency range

5 to 25 GHz to validate the theoretically derived scatter-

ing parameters, and a very good agreement has been
found. From the scattering parameters, lumped element

equivalent circuits have been derived to model the disccm-

tinuities. The inductors and capacitors of these modlels

have been represented by closed-form equations, as func-

tions of the stub length, which have potential applications
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Fig. 1. Coulanar waveszuide filter elements. (a) Short-end CPW series
stub. (b) Open-end CPW series stub.
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Fig. 2. A cross section of a shielded CPW,

in the design of CPW circuits. In addition, these circuits

are capable of modeling the ON and OFF states of CPW

p-i-n diode switches [15].

II. THEORY

A. Derivation of the Scattering Parameters

Fig. 2 shows a shielded coplanar waveguide with the

cavity dimensions chosen such that the CPW fundamental

mode is not affected by higher order cavity resonances.

The original boundary problem is divided into two sim-

pler ones by introducing an equivalent magnetic current,

M,, on the slot aperture (see the Appendix). This surface

magnetic current radiates an electromagnetic field in the

two waveguide regions (above and below the slots) so that

the continuity of the electric field on the surface of the

slots is satisfied. The remaining boundav condition to be

applied is the continuity of the tangential components of

the magnetic field on the surface of the slot aperture,

tizx(ilo-fil)=~ (1)

where J; vanishes everywhere on the plane of the slot

apertures except at the position of the electric current

sources exciting the CPW. H-O,~ are the magnetic fields in

the regions directly above and below the slot aperture,

respectively (see Fig. 12), and can be expressed in terms

of the equivalent magnetic current density, i@,, as shown

below:

(2)

JSCPWJ

In (2~and (3), SCPW is the surface of the slot aperture,

and ~~, ~ is the dyadic Green’s function in the two wave-

guide regions (see the Appendix).

In view of (2) and (3), (1) takes the form

-To obtain the unknown magnetic current distribution,

M,, (4) is solved by applying the method of moments [16].

First, the slot aperture is subdivided into rectangles. Then,

the unknown magnetic current density is expressed as a

finite double summation:

~=lj=l

N, AT-

~=lj=l

where {~,(y ’)g,(z’); i= 1,. . “,NY, j= 1,. #“,NZ} is a family

of rooftop functions [19] and Vy,,, and V=,,, are the un-

known coefficients for the y and z components of the

magnetic current density. The subdomain basis functions

(rooftop functions) for each current component have
piecewise-sinusoidal variation along the longitudinal di-

rection and constant variation along the transverse direc-

tion. Using (5), (4) can be written in the form

“ ‘y fi(Y’)gj( “) ‘s’

where A J, represents the error introduced from the ap-
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proximations made in the magnetic current distribution

(eq. (5)).
Finally, Galerkin’s procedure is used to minimize the

error A J; resulting in the following inner products:

/./(
dlx AJ:). dY~n(y)g.(z)ds=O (7)

J]( d. XAZ)fiZ~.(z)gn(y )ds=O (8)

where fm and g. are weighting functions identical to the
basis functions, m = 1,. ... NY and n = 1,. ... NZ. In this

manner, (6) reduces into a matrix equation of the form

where [Y4$] (J, $ = y, z) represent blocks of the admit-

tance matrix whose elements are expressed in terms of

multiple space integrals, involving trigonometric func-

tions, and are given by

Y,, = /J”Jp,fm( y)gn(z) “ [G! + q

‘ “6.vfi(Y’)gj(z’) ‘Y’dz’dYdz (lo)

Y,= =JJj-/dyfm(y)gn(z) “ [E[ + q

“~zfj(OQ(Y’) ~Y’~z’~Y~z (11)

KY =J{/”/dzfn(z)gm( y). [51 + q

“dyft(Y’)gj( z’) ‘Y’dz’dYdz (12)

g,= /Jj-Jdzfn(z)gm( y) “ [al + q]

“dzfj(z’)gi( Y’) ‘Y’dz’dYdz (13)

where i,m=l,. ”., iVYandj, n =l,. ... NVYandVZarere

the subvectors of the unknown coefficients for the. y and

z components of the magnetic current distribution respec-

tively and ZY and 1= are the known excitation subvectors,

which are dependent on the impressed feed model.

In order to solve (9), the excitation is modeled by ideal

y-directed current sources located at specific node points,

as shown in Fig, 3(a), resulting in an excitation vector

which has zeros everywhere except at the positions of

these current sources (delta gap current generators). Al-

though only a mathematical model, this feeding mecha-

nism has proved to be efficient, accurate, and reliable

[17], [20], In addition, it does not introduce any unwanted

numerical complications, as is the case with other excita-

tion techniques [3], [12]. The CPW may be excited in two

different ways: with the fields on the two slot apertures in
phase (slotlinc mode) or out of phase (coplanar mode),

exhibiting very different characteristics when operating in

each mode. The CPW mode is excited by choosing 1{1 =

– 1~1 and l& = – Igz, while the slotline mode is excited

by choosing 1~1= Igl and l~z = Igz (see Fig. 3(a)). How-

ever, only the CPW mode will be considered here since it

tends to concentrate the fields around the slot aperture

p P
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Two
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Fig. 3. (a) A general two-port CPW discontinuity with y-directed
electric current sources. (b) Equivalent network representation.

(low radiation losses) and is therefore the commonly used

mode in CPW circuits.

The discontinuities behave as an asymmetric two-port

network with an equivalent circuit of the type shown in

Fig, 3(b), For the evaluation of the network impedance

matrix, three different modes of excitation are required

(Igl = Ig2 = 1, Igl = – Zg2 = 1, and Zgl = 1 and lgz = Owere
used). It should be noticed that the currents and voltages

(Zl, Z2, Vl, V2) shown in Fig. 3(b) are induced at the dis-

continuity ports as a consequence of lgl and 1~2. The

matrix equation (9) is solved to give the magnetic current

distribution in the slot aperture for each mode of excita-

tion. Then, the input impedances at ports 1, and 2 alre

evaluated from the positions of the minima and the

maxima of the electric field standing waves in the feeding

CPW lines using ideal transmission line theory, Finally,

the network impedance matrix and the scattering parame-

ters are derived using the expressions in [21].

B. Convergence Properties of Scattering Parameters

In the expressions for the Green’s functions given in

the Appendix, the summations over m and n are theoreti-

cally infinite. However, for the numerical solution of tlhe

matrix equation, these summations are truncated to MSTOP

and NSTOP. The values of these two parameters should be

chosen such that convergence of the scattering. coeffi-
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Fig. 4. Typical convergence behavior of thescattering parameters with
respect to the number of modes NSTOPand MSTOPof the CPW disconti-
nuities shown in Fig. 1.

cients is ensured. Fig. 4 shows the convergence behavior

of the scattering coefficients with respect to each one of
the above parameters. In (A1O)–(A13), NSTOP and MSTOP

correspond to the maximum values of the k, and k ~
eigenvalues considered in the summations. These eigen-

values are given by

(NSTOP)7T
k zmax=

1
(14)

(MSTOP)7T
k ymax= (15)

a“

Since the length of the cavity, 1, is larger than its width, a,

the number of required k= eigenvalues (NSTOP = 700) is

much larger than the number of k ~ eigenvalues (MSTOP =

300), as shown in Fig. 4.

Another critical parameter for the convergence of the

results is the number of the considered basis functions NY

❑% Transition regions where both y- and z-directed

magnetic currents are assumed.

Fig. 5. The assumed magnetic current distribution in the slot aperture.

and N=. Since the slots are assumed to be fairly thin

( W/Acpw < 0.1), only a longitudinal magnetic current in

the slot aperture away from the discontinuity is assumed.

Furthermore, it has been found through numerical exper-

iments that the transverse current in the feeding line

around the discontinuity has a negligible effect on the

current distribution and the scattering parameters. Thus,

as shown in Fig. 5, both longitudinal and transverse

magnetic current components are considered in the tran-

sition regions, while only the longitudinal current compo-

nent is considered in the other regions. In addition, the

number of basis functions NY and N= is chosen so that

convergence of the scattering parameters of the coplanar

waveguide discontinuity is achieved. The CPU time re-

quired for the evaluation of the scattering parameters

depends mainly on the geometry and the electrical size of

the structure. Careful consideration of the existing physi-

cal symmetries can reduce this computational time sub-

stantially.

111. RESULTS AND DISCUSSION

Using the space-domain integral equation method, the

scattering parameters for the two discontinuities shown in

Fig. 1 have been evaluated as a function of the stub

length, L, and frequency. The theoretically derived data

have been validated through extensive experiments per-

formed in the 5 through 25 GHz frequency range. The

circuits were fabricated using conventional MIC tech-

niques on a polished alumina (e, = 9.9) substrate. The
plated gold thickness was 2.8 pm. The RF measurements

were performed on an HP 8510 ANA. A probe station

with de–26.5 GHz probes was used for providing the RF

connections to the circuits. A two-tier calibration was

performed: First, the system was calibrated to the 3.5 mm

coaxial cable ends using coaxial open, short, load calibra-

tion standards. Then, an LRL calibration was performed

to rotate the reference planes to the CPW discontinuities.

The LRL calibration standards shown in Fig. 6 were

fabricated on the substrate along with the circuits to

eliminate errors caused by fabrication nonrepeatability.

Air bridges were not needed to connect the ground planes

since the discontinuities considered here are symmetric
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(a)

(b)

cuits

(c)

Fig. 6. CPW standards for LRL calibration: (a) Zero length thru line.
(b) Delay of length Ld where O< Ld < ~ /2. (c) Open circuit reflection
standards.

about the propagation line, and the stubs are printed on

the center” conductor [22]. The alumina substrate was

placed on a 125-mil-thick 5880 RT/Duroid (6, = 2.2)
substrate with copper cladding on one side to serve as the

bottom ground plane.

Fig. 7 shows the scattering parameters for the short-end

CPW stub of length 1500 pm. It can be seen that the

agreement between the theoretical and experimental re-

sults is very good. The differences are due to radiation,

conductor, and dielectric losses since an unshielded struc-

ture was used in the measurements and the theoretical

model did not account for losses. From the characteristic

behavior of the above stub, it can be concluded that a

band-stop filter can be realized by cascading several of

these stubs in series.
Fig. 8 shows a comparison between theoretical and

experimental values of the resonant frequency as a func-

tion of stub length. In addition, superimposed are values

of the resonant frequencies for the above CPW stub

operating under ideal conditions: no discontinuity effects

and zero electromagnetic interactions. It can be noticed

~ E&t] + gall _ THEORETICAL

0.000

45.00

-3). 00

n ##ill + ~S2?-1 0 ~siill — THEORETICAL

180.0

0.000

-w. o

Fig. 7. Scattering parameters for the short-end CPW stub with L =
1500 ~m (Dl = 25 roil, Dz = 125 roil, e,’= 9.9, ●,a = 2.2; other dimen-
sions are in win).

that the theoretically computed resonant frequencies for

large stub lengths agree very well with the ones predicted
for the ideal stub. This indicates that at low resonant

frequencies (large stub lengths) the specific stub geometry

introduces negligible discontinuity effects and is almost

free of parasitic electromagnetic interactions. However, as
the frequency increases, the parasitic effects become

stronger, resulting in a small difference between the theo-

retically obtained resonant frequencies and the ones colm-

puted for the ideal stub.

Fig. 9 shows the scattering parameters for the open-end

CPW stub of length 1500 ~m. As in the previous case, the

agreement between the theoretical and experimental re-

sults is very good. Owing to its performance, such struc-

tures can be used to build band-pass filters.
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Fig. 8. Resonant frequency of the short-end CPW stub of different
lengths (Dl = 21.5 roil. D2 = 125 roil, C,l = 9.9, .s,2 = 2.2: other dimen-
sions are as in Fig, 10(a)).

In the theoretical analysis, the CPW stubs were as-

sumed to be inside a cavity while for the derivation of

experimental data these structures were measured in open

environment. The fact that there is very good agreement

between theory and experiment suggests that radiation

losses were very low. The loss factor of the measured stub

discontinuities has been investigated and has shown a

maximum value of – 10 dB at the stub’s resonant fre-

quency. This indicates that h is possible to design CPW

stub discontinuities with very low radiation losses.

IV. EQUIVALENT MODELS

To accurately model the short-end CPW stub over the

frequency range from 5 GHz to the first band-stop reso-

nance, the model shown in Fig. 10(b) is proposed. Using

the derived scattering parameters (for Fig. 10(a)), the

capacitances and inductances are evaluated using com-

mercial optimization software. The following relations

have been found, which give the values of the lumped

elements in terms of the stub length, L:

C,= 1.32x 10-4L +3.3515 x10-2 (16)

Cfl = 1.5959 x 10-2 (17)

Cfz = 1.1249 x10-4L +7.522 x10-3 (18)

LI = 2.6368 x10-4L –6.618x 10-3 (19)

L2=1.77x10-JL –8.35x10-4 (20)

L3 = 1.8656 x10-4L –8.34x 10-4 (21)

where the stub length, L, is in pm, the inductances in

nH, and the capacitances in PF. The above equations,

which apply for the configuration shown in Fig. 10(a)

only, have been verified for stub lengths, L, through 2500

um. It should be noted that C., = Ct. and L, = L, when

0.000

-E 000

4600

_ THEORETICAL

~ NWSI1l + ANGIS221~ AHHS2il — THEORETICAL
WAS MEAs MEAS

0.000

-180.0

Fig. 9. Scattering parameters for the open-end CPW stub with L =
1500 pm (Dl = 25 md, D2 = 125 roil, E,l = 9.9, e,z = 2.2: other dimen-
sions are in ~m).

L = 75 ~m since a symmetric model is expected for a

simple notch in the center conductor of the CPW.

The equivalent circuit shown in Fig. 1l(b) is proposed

to model the open-end CPW stub over the frequency

range from 5 GHz to the first band-pass resonance. The

following relations have been found, which give the values

of the lumped elements in terms of the stub length, L:

C~=l.O1x 10-4L+l.642x 10-2 (22)

Cfl=0.39x 10-4L+l,765 x10-2 (23)

Cf2=0.883x 10-4L+l.765 x10-2 (24)

LI = 1.22 x10-4L (25)

Lz = 1.43 x10-4L (26)

L3=3.26x10-4L (27)
J,.i~ .J
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Fig. 10. Equivalent circuit for the short-end CPW stub (Dl = 21.5 roil,
Dz = 125 roil, C,l = 9.9, 6,2 = 2.3 other dimensions are in pm).

P P
11 I

I I
I I

?,,,,/,/,,,,//////,,,/ ‘,/,,,////,///,/,,, ,/,//// /

“ !$ b’
(a)

,+’s+’
(b)

Fig. 11. Equivalent circuit for the open-end CPW stub (Dl = 21.5 roil,
Dg = 125 roil, erl = 9.9, CF2= 2.2 other dimensions are in Km).

where the stub length, L, is in ~m, the inductances in

nH, and the capacitances in pF. As in the previous case,

the above equations, which apply for the configuration

shown in Fig. 1l(a) only, have been verified for stub

lengths, L, through 2500 pm. In the limit as L ap-
proaches zero, the inductances reduce to zero and cfl

becomes equal to Cf ~, resulting in a capacitive H network

which is expected for a series gap.

The above lumped element equivalent circuits predict

the response up to the first resonant frequency with a 5%

accuracy, It is expected that similar linear relationships

apply for a short or open-end CPW stub with any dimen-

sions. Thus, it is enough to model two different stub

lengths, from which the characteristics of other lengths

can be derived.

V. CONCLUSIONS

A space-domain integral equation method solved by the

method of moments in conjunction with simple transmis-

sion line theory was applied to analyze CPW circuit

elements useful for band-pass and band-stop filters. An

experimental setup to measure the scattering parameters

of those structures has been described. The agreement

between the theoretical results and the experimental data

was very good; thus, the validity of both results is verified.

Lumped element equivalent circuits were proposed to

model the above circuit elements, and closed-form ex-

pressions to compute the valties of the capacitances and

inductances were given as functions of stub length.

APPENDIX

As shown in Fig. 12, a typical CPW discontinuity prob-

lem is reduced to deriving the dyadic Green’s function in

both regions directly above and below the slots. The

transmission line theory is used to transform the sur-

rounding layers into impedance boundaries. Using the

equivalence principle, the problem is divided into four

subproblems (as shown in Fig. 12), where the fields in

both regions due to magnetic currents in the y and z

directions have to be obtained. After this has been ac-

complished, the continuity of the tangential fields at the

interface is used to arrive at the integral equation. The

main steps in the derivation of the fields arising from an

infinitesimal z-directed magnetic current inside a cavity

(with impedance boundary top side) will be presented

here (see Fig. 13).

In the derivations, the following vector potentials for

the LSM and LSE modes are assumed:

A = t?,q F=;l~. (AL1)

By using Maxwell’s equations along with

H=&x A (M)

P

E=–&x F (/$3)
E

one can obtain the field components in terms of the

magnetic and electric vector potentials.

The differential equations for A and F are solved in

view of the pertinent boundary conditions to give the

unknown field components. The boundary conditions con-

sidered for the solution of this problem are listed below

(see Fig. 13, where the magnetic current dipole is raised
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Fig. 13. A z-directed magnetic dipole inside a cavity with an impedance
boundary top side.

The components of the dyadic Green’s function for the

coplanar waveguide problem are given by the following

( Impedance boundary sides)

,g*’sEozs:,pT

Y

expressions:

f$O(~/~r) =
MSTOP

E
~=o

2 en 1[~:._~:fwo + k;Qo]
al

.sin(kYy ’)cos(kzz’) sin(kYy)cos(kzz)

(A1O)

G$’)(7,/’F’) =

sin(kYy ’)cos(kzz’)c os(kYy)sin(kzz)

(All)

( Impedance boundary sides)
LSE

z, LSM
or Z,

.cos(kYy ’)sin(k=z’) sin(kYy)cos(kzz)

(A12)Fig. 12. A typical one-port CPW discontinuity where four subproblems
are obtained using the equivalence principle. (Afl the sides excluding the
impedance boundaries are assumed perfectly conducting.)

to simplify the application of the boundary conditions):

cos(kYy ’)sin(kzz’)c os(kYy)sin(kzz)

(A13)
ff;=Hn

Y at x=x’ (A5)
where

~;=~II
z at x=x’ (A6)

()k ‘SE tan (kXODo)W-LO+ jk.O-%
PO’ —

@~O kXOZ~E + j~wo tan (kXODO)
(A14)

()

~~o kXo + jw~oZo
Qo= ~

‘M tan (kX,Do)
(A15)

tieoZ$sM + jk., tan (kXOllo)
Xo

HE;
lSE

H;
‘Z~E at x=Do (A7)

(-)E;
LSM

(A8)= .ZOMM at x = Do
H; en=l, n=()

=2, n#O (A16)

em =1, m.o

=2, m#O (A17)

k,=? (A18)
a

E’1– E:=8(X– X’)8(Y– Y’)8(Z– Z’). (A9)
Y

In (A4)–(A9), Do is the thickness of the layer directly

above the slot apertures. ZOHE and ZomM are the LSE

and LSM impedances seen at the interface x = Do, For

the structures considered here (Fig. 3), Z~E = Z~M = O

since perfect conductors are assumed. Solving (A4)–(A9),

the fields in the region directly above the slot aperture

caused by a z-directed magnetic dipole are obtained. In

the same manner the fields due to a y-directed magnetic

dipole can be derived.

(A19)

k; = w2poeo (A20)

k;=k;, +k; +k; . (A21)
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In the above expressions, a and 1 are the width and

length of the cavity, respectively, and G$l denotes the

magnetic field H}o) radiated at x = O by an infinitesimal

magnetic dipole &fj loc~ed at x’= O (i, j = y, z).

The components of ~~ are essentially the same as in

(A1O)-(A21) with the following changes:

ZONE ~ zl~E

Z:shl ~ ZSM

Do+ D1

en, em+ —en, —em

k. -) kl

Po>~o+Pl)~l (A22)

where ZI*E and Z~sM are the LSE and LSM impedances

seen at the interface x = D1.
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